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1 Introduction

Fractional calculus extends classical differentiation and integration to arbitrary
orders, providing a robust framework for analyzing systems with memory ef-
fects, fractal behavior, or intricate dynamics. While integer and rational-order
derivatives are well studied, irrational-order derivatives, such as those of 7w-order,
remain an intriguing frontier.

The notion of w-order derivatives combines the discrete and continuous in
unexpected ways. As one of the most iconic irrational numbers, m imbues frac-
tional calculus with its complexity, enabling nuanced exploration of irregular
yet structured phenomena. This expository study bridges intuition and rigor,
examining the foundations, examples, and applications of m-order derivatives.

2 Intuition

Fractional and irrational-order derivatives generalize classical differentiation by
incorporating elements of both differentiation and integration. While integer-
order derivatives analyze functions at infinitesimally small intervals, fractional
derivatives capture a broader, weighted perspective, blending the function’s
present behavior with its historical values. This approach is particularly useful
for modeling systems with memory or cumulative effects.

To illustrate, consider the function f(x) = x2. The derivatives for integer
orders are straightforward: the first derivative D! f(x) = 2z, the second deriva-
tive D2 f(z) = 2, and the third derivative D3 f(z) = 0. However, for a fractional
order such as D%, the result is neither a simple slope nor a pure integral but
rather a blend of both processes. Specifically, D%52? = %x“’. This result
reflects a combination of the local behavior of the function and its cumulative
contribution over a range.

When extending this idea to irrational orders, such as D™, the behavior be-
comes even more intricate. Here, the operation involves advanced mathematical
tools, such as the Gamma function, to manage the subtleties introduced by the
irrational order. The derivative retains the essence of fractional differentiation
but introduces coefficients and powers influenced by the irrational value.

Visualizations available at https://aarushgupta.com/pi.
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A real-world analogy can help clarify this concept. Imagine you are walking
along a path. An integer-order derivative like D! measures your speed at any
given moment, while D? represents the acceleration, or the rate at which your
speed changes. In contrast, a fractional derivative such as D%® would capture a
blend of your momentum, considering both where you’ve been and how you’re
currently moving. Instead of focusing solely on your immediate motion (speed)
or the rate of its change (acceleration), the fractional derivative takes into ac-
count how you’ve been moving over time. It’s as if your past steps leave a
fading imprint, influencing your current dynamics. The half-derivative is both
backward-looking (like an integral) and forward-looking (like a derivative). An
irrational-order derivative, like D™, refines this even further, capturing subtler
aspects of your motion by blending past and present in a nuanced, weighted
manner. Both fractional and irrational order derivatives therefore have a sort
of memory.

Overall, they provide a mathematical framework to describe phenomena
where memory, accumulation, or intricate interactions play critical roles. These
derivatives extend beyond classical calculus, offering powerful tools for modeling
and understanding dynamic systems in fields such as physics, engineering, and
finance.

3 Foundations and Definitions

Before we define m-order derivatives, we must define the more general fractional
derivative.

3.1 Riemann-Liouville Fractional Derivative

The Riemann-Liouville fractional derivative is defined in terms of fractional
integration:
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Here, n = [a] denotes the smallest integer greater than or equal to «, ensuring
that the nth-order derivative exists. The fractional order « is partitioned into:

a=n—(n—a), withn—aec(0,1).

The Riemann-Liouville derivative generalizes the concept of a derivative by first
performing a fractional integral of order (n — a)) to smooth the function, fol-
lowed by applying the classical nth derivative. This approach ensures that the
derivative is defined even when « is non-integer.



3.2 Caputo Fractional Derivative

The Caputo fractional derivative modifies the Riemann-Liouville approach by
applying the differentiation operator to the function’s integer-order derivatives:
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Unlike the Riemann-Liouville derivative, the Caputo derivative operates on the
classical derivatives of f(z). This distinction often simplifies boundary-value
problems, as the Caputo derivative naturally accommodates initial conditions

specified in terms of classical derivatives:

D¢ f(x)],_., =0 forn—1<a<n.

Both the Riemann-Liouville and Caputo derivatives are fundamentally linked
to fractional integrals. Inverting the operation of fractional integration I'* over
the domain [a,z] yields these derivatives, ensuring consistency across integer,
fractional, and irrational orders:

R(I7f(@)) = f(z), D&(I°f(x)) = f(x), fora>0.

The extension to irrational orders, such as a = m, follows naturally from the
definitions. The integral kernels = tl)l,a and = t)i,nﬂ remain well-defined

for irrational «, as the Gamma function I'(+) is analytic over non-negative argu-
ments. This mathematical foundation seamlessly incorporates both integer and
non-integer orders into a unified framework.

Therefore, for o = 7, the Riemann-Liouville derivative becomes:
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4 Examples

To grasp the implications of m-order derivatives, we explore several common
classes of functions under the Riemann-Liouville framework. These examples
highlight the unique characteristics introduced by fractional and irrational or-
ders.

4.1 Polynomials

Consider the polynomial function f(z) = x™.

derivative is:

The m-order Riemann-Liouville

n—m

I'(n+1)
Rt = ———————=x
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This result generalizes the classical derivative by using the Gamma function to
account for fractional and irrational orders. Substituting a random value, say



n = 3, yields:
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Since I'(4) = 3! = 6, the result simplifies further to:
6
D™ 3 _ 3771'.
RLY = P —n)®

This shows how the polynomial’s degree is reduced by the fractional order ,
with a scaling factor determined by the Gamma function.

For larger or smaller n, the fractional derivative modifies the polynomial’s
growth rate. For instance, higher values of n lead to a slower decay in the term
2™~ while smaller n can reverse the sign or significantly amplify changes.

4.2 Exponential Functions

For the exponential function f(x) = e*®, the m-order derivative is:
DT e’ = A\,

The exponential term remains unchanged, while the derivative introduces a scal-
ing factor A", which incorporates the irrational order. For A > 1, the scaling
factor A™ amplifies the growth, emphasizing the compounding effect of the ir-
rational order. For A < 1, the factor A™ dampens the growth rate, yielding
a slower exponential rise. This result demonstrates how fractional derivatives
preserve the fundamental structure of exponential functions but modify their
growth dynamics through the scaling factor.

4.3 Trigonometric Functions

For f(z) = sin(wz), the m-order derivative takes the form:

2
D%y sin(wz) = w™ sin (wx + 2) .

The amplitude of the sine wave is scaled by w™, reflecting the influence of frac-
tional memory effects. The phase shift, %2, introduces an additional modifica-
tion that accumulates with irrational orders, altering the periodicity of the wave.
These modifications are particularly useful in modeling oscillatory systems with
damping or resonance behavior, such as viscoelastic materials or electronic cir-

cuits.
4.4 Logarithmic Functions

For f(z) = In(x), the m-order derivative is:

D% In(x) = I‘(Il‘(i)ﬂ)x“.
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The logarithmic growth is transformed into a power-law decay, ~™. The scal-
ing factor % ensures that the derivative reflects the memory effects char-
acteristic of fractional calculus. This result provides insight into systems with
logarithmic scaling, such as certain physical processes governed by entropy or
information theory.

4.5 Gaussian Functions

For f(z) = e=>*" the m-order derivative becomes:
™ 2
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The factor —A\™/2z'~7 alters the Gaussian shape, reflecting both amplification
and suppression effects at different points. This behavior is particularly valuable
in fractional diffusion models, where anomalous spread rates are governed by
such terms.

4.6 General Observations

m-order derivatives, and more generally fractional derivatives, are linear:
D™af(x) + bg(z)] = aD"™ f(x) + bD" g(x).

Their effect depends on the function’s nature. Rapidly growing functions expe-
rience amplified growth, while oscillatory functions undergo shifts in amplitude
and phase. Graphical representations reveal smooth transitions as the order
varies, showcasing the nuanced influence of irrational orders like 7.

5 Conclusion

The study of m-order derivatives underscores the versatility of fractional calcu-
lus. By extending classical concepts of differentiation, these derivatives illumi-
nate systems with non-local or cumulative dynamics. Applications span physics,
engineering, and finance, offering tools for modeling complex phenomena. The
mathematical depth of m-order derivatives promises continued advancements in
theory and application.

However, the most interesting question remains defining what fractional dif-
ferentiation truly means. Calculus I and II teaches intuitive and easy definitions
for derivatives and integrals, but no such foundations have yet been found for
fractional. Finding this could lead to major developments within the field and
have reverberating effects to adjacent fields as well.
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